Abstract. This paper establishes a unified framework for the a posteriori error analysis of a large class of nonconforming finite element methods. The theory assures reliability and efficiency of explicit residual error estimates up to data oscillations under the conditions (H1)-(H2) and applies to several nonconforming finite elements: the Crouzeix-Raviart triangle element, the Han parallelogram element, the nonconforming rotated (NR) parallelogram element of Rannacher and Turek, the constrained NR parallelogram element of Hu and Shi, the P 1 element on parallelograms due to Park and Sheen, and the DSSY parallelogram element. The theory is extended to include 1-irregular meshes with at most one hanging node per edge.
Introduction.
Nonconforming finite element methods are very appealing for the numerical approximation of partial differential equations, for they enjoy better stability properties compared to the conforming finite elements. While the study of the approximation properties of nonconforming triangular and quadrilateral elements has reached a certain level of maturity [3, 18, 27] , the a posteriori error analysis of nonconforming quadrilateral finite element approximations is still in its infancy.
Following the contribution of [16, 15] the a posteriori error analysis for the L 2 norm of the piecewise gradient of the error, ∇ h e L 2 (Ω) , has been carried out successfully for triangular elements [9, 1] on the basis of two arguments: (a) the Helmholtz decomposition of ∇ h e, and (b) some orthogonality with respect to some conforming finite element space V c h . Condition (b) fails for some quadrilateral nonconforming finite elements, e.g., the nonconforming rotated quadrilateral element of Rannacher and Turek, referred to as the NR element [25] . As a result, the a posteriori error analysis of ∇ h e L 2 (Ω) for nonconforming quadrilateral elements appears as a minefield. For the NR element, for instance, the work [23] bypasses condition (b) by some enlargement of V nc h with local bubble trial functions, but their analysis applies only to goal-oriented error control and cannot be extended to the control of ∇ h e L 2 (Ω) . Another inherent mathematical difficulty for the NR element functions results from the nonequivalence of the continuity at midpoints and the equality of integral averages along edges. This makes the operator Π in [2] not well defined (while correct for all triangular elements of [1] ). This paper aims to clarify and develop a unified framework for the a posteriori error analysis of nonconforming finite element methods based on properties for meshes obtained through affine mappings. The resulting framework is exemplified in the twodimensional elliptic model problem and E(Γ D ) the interior and boundary edges, respectively. Also, define [v h ] as the jump across E ∈ E(Ω) of the general discontinuous v h ∈ V nc h and P k (ω) the polynomials of total degree k on the domain ω. Throughout the paper, the hypotheses (H1)-(H2) characterize some class of nonconforming finite elements allowing for efficient and reliable error control.
(
(H2) There exists some bounded, linear operator Π : V → V nc h,0 and some mesh size independent constant C with the properties (1.
The main result of the paper (Theorem 3.1 below) establishes the reliability of (1.8) up to the data oscillations osc(f ) and osc(g) (see section 2.5 below):
with J E,ν and J E,τ defined by (2.9) and (2.10), respectively.
The weak continuity condition (H1) is met by quite a large class of nonconforming finite elements proposed in the literature [14, 19, 25, 17, 24, 21] . However, there are also elements that fail the above condition, for instance, the version of the RannacherTurek element [25] with local degree of freedom equal to the value of the function at the midside nodes of each edge, and the nonconforming quadrilateral element of Wilson et al. [29] . Both elements are therefore ruled out by the present analysis.
Condition (H2) represents a key assumption of the theory. It weakens the orthogonality condition (b) mentioned above (see Lemma 3.3 below) by means of an estimate depending on data oscillations and allows the analysis of nonconforming finite elements obtained through affine mappings.
The efficiency of η in the sense that there exists a mesh size-independent constant C such that (1.10) with osc(u D ) defined in section 2.5, can be proved by adapting the arguments from [28, pp. 15-18] and [16, 9] .
An outline of the remaining parts of the paper is as follows. Section 2 displays the setup of the model problem (1.1), and introduces the conforming and nonconforming finite element spaces as well as the a posteriori error estimate (1.6) and the data oscillations in (1.9) . Theorem 3.1 shows that the abstract conditions (H1)-(H2) imply the reliability in the sense of (1.9). This is stated and proved in section 3 in the abstract framework, while the relevant examples follow in section 4. Namely, applications of the theory are given for the Crouzeix-Raviart element, the Han element [19] , the NR element [25] with local degrees of freedom equal to the average value over the edges, the constrained NR element of Hu and Shi [21] , the P 1 quadrilateral element of Park and Sheen [24] , and the DSSY element [17] . Section 4 concludes with a discussion of the applicability of the theory to 1-irregular meshes, with at most one hanging node per edge, and its generalization to elliptic systems. Section 5 describes an adaptive finite element method and a numerical example for the NR element with hanging nodes. 
where the symbol · is the scalar product in the Euclidean space R 2 . Furthermore, we denote by L 2 the Lebesgue space of square integrable functions, and by H s with s > 0 the Sobolev space defined in the usual way [18] . For the corresponding norm we use the symbols · L 2 and · H s , respectively, with explicit indication of the domain of integration. With Ω an open set of R 2 , and ϕ ∈ H 1 (Ω), the curl and gradient operators are given as
Throughout the paper, the letter C denotes a generic constant, not necessarily the same at each occurrence.
Conforming finite element spaces.
For approximating (2.1) by the finite element method, we introduce a regular triangulation T ofΩ ⊂ R 2 in the sense of Ciarlet [12, 6] into closed triangles, and/or convex quadrilaterals, such that K∈T K = Ω, two distinct elements K and K in T are either disjoint, or share the common edge E, or a common vertex; that is, hanging nodes at this stage are not allowed, and we refer to section 4.6 and [11] for further discussion. Let E denote the set of all edges in T , N the set of vertices of the elements K ∈ T , and N m the set of the midside nodes m E of the edges E ∈ E. The set of interior edges of Ω are denoted by E(Ω), the set of edges of the element K by E(K), whereas those that belong to the Dirichlet and Neumann boundary are denoted by E(Γ D ) and E(Γ N ), respectively. For the set of midpoints of the edges E ∈ E(Γ D ) we use the notation N m (Γ D ). By h K and h E we denote the diameter of the element K ∈ T and of the edge E ∈ E, respectively. Also, we denote by ω K the patch of elements K ∈ T that share an edge with K, and by ω E the patch of elements having in common the edge E. Given any edge E ∈ E we assign one fixed unit normal ν E ; if (ν 1 , ν 2 ) are its components, τ E denotes the orthogonal vector of components (
on the boundary we choose ν E = ν, the unit outward normal to Ω, and concordantly the unit tangent vector τ . Once ν E and τ E have been fixed on E, in relation to ν E one defines the elements K in ∈ T and K out ∈ T , with E = K out ∩ K in , as depicted in Figure 1 . 
Given E ∈ E(Ω) and an
the subscript E will be omitted whenever it is clear from the context.
With the triangulation T we associate, moreover, the space H 1 (T ) defined as
and for v ∈ H 1 (T ), we denote by ∇ h v the gradient operator defined piecewise with respect to T , i.e.,
Whenever it is clear from the context that we are considering the restriction of v to an element K ∈ T , then we clearly write only ∇v in lieu of ∇ h v.
For a nonnegative integer k the space Q k (ω) consists of polynomials of total degree at most k defined over ω in the case in which ω = K is a triangle, whereas it denotes polynomials of degree at most k in each variable in the case in which K is a quadrilateral. For this presentation it will suffice to assume k = 1. The corresponding conforming space will be denoted by
Throughout the paper, for triangular elements, V c h,0 stands for the conforming space of P 1 elements, whereas for quadrilateral elements it denotes the conforming space of bilinear elements.
Given the conforming finite element space V c h,0 , we consider the Clément interpolation operator or any other regularized conforming finite element approximation operator J :
for all K ∈ T , E ∈ E, and ϕ ∈ H 1 (Ω). The existence of such operators is guaranteed, for instance, in [13, 26, 7, 5] . 
The Helmholtz decomposition is a well-established tool in the a posteriori error analysis of nonconforming finite element methods [16, 9] . 9) and J E,τ the jump of ∇ h u h across E in direction t E , i.e., 10) and recall η from (1.6) with the local contributions η K (1.7) and η E (1.8) for each K ∈ T and E ∈ E, respectively.
A posteriori error estimator. For each edge
E ∈ E, define J E,ν the jump of ∇ h u h across E in direction ν E , i.e., J E,ν := ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ [∇ h u h ] E · ν E if E ∈ E Ω , g − ∇u h · ν if E ∈ E N , 0 i f E ∈ E D ,(2.J E,τ := ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ [∇ h u h ] E · τ E if E ∈ E Ω , 0 i f E ∈ E N , (∇u D − ∇u h ) · τ if E ∈ E D ,(2.
Data oscillations.
For f ∈ L 2 (Ω) and its piecewise constant approximation f h with respect to T , we refer to osc(f ) as the oscillation of f [28] ,
with osc(f ) being a higher order term if f ∈ H 1 (Ω). Similar definitions hold for the oscillations osc(u D ) and osc(g) of the Dirichlet and Neumann boundary data,
, and their piecewise affine and constant approximations u D,h and g h , respectively, as [28, 8] 
3. Reliability of η. This section presents the main result of this paper, that is, (H1)-(H2) imply the reliability of η. Throughout this section, let u solve (2.1), let u h solve (2.6), and set e := u − u h . 
satisfy (H1)-(H2). Then there exists a positive constant C depending only on the minimum angle of T such that η is reliable in the sense that
The remainder of this section is devoted to the proof of Theorem 3.1. We establish first some interpolation error estimates for the operator Π in (H2). Lemma 3.2. Given the operator Π meeting (H2), there then exists some mesh size-independent constant C such that there holds 
A triangular inequality and (1.5) also gives
which, combined with (3.3), finally yields (3.2) 1 . Arguing in a similar way and using the trace theorem [6, 12] one obtains (3.2) 2 .
Here and throughout, f h and g h denote piecewise constant approximations of f and g, respectively. From (H2) and for every v h ∈ V c h,0 , the following holds: 
Since (1.4), this equals
The combination of Cauchy inequalities with (3.2) yields its upper bound: The following orthogonality condition (3.6) is well established in the literature on a posteriori error estimates for nonconforming finite element schemes. 
∂s is constant over each edge E ∈ E(Ω) ∪ E(Γ D ), or is zero on E ∈ E(Γ N ), accounting for (H1), one obtains (3.6).
The proof of (3.1) starts with the decomposition (2.7), the interpolation operator J of Clément, and Lemma 3.4. Without loss of generality one can choose ϕ in (2.7) to be equal to a constant on Γ N , and J ϕ| Γ N = ϕ| Γ N . Then it follows that
From Lemma 3.3 and the estimate (2.4), one obtains
Since (w − J w) and (ϕ − J ϕ) belong to H 1 (Ω), the use of the Stokes theorem and Green's formula over each element gives, after some rearrangements,
It is a standard argument with Cauchy inequalities and (2.4)-(2.5) to bound this by
with η from (1.6). The combination of the aforementioned estimates with (2.8) concludes the proof of (3.1).
Examples.
In this section, we verify (H1)-(H2) for several nonconforming finite elements proposed in the literature and discuss the applicability of the theory to 1-irregular meshes and to elliptic systems in divergence form. For the following examples, the operator Π that enters (H2) is the interpolation operator of V associated with V nc h,0 . 4.1. The Crouzeix-Raviart element. The nonconforming finite element space associated with the Crouzeix-Raviart element [14] reads
and V nc h,0 denotes the space corresponding to the discrete homogeneous Dirichlet boundary conditions. For this element, it is trivial to check that the space V [12, 19] reads
This defines the five degrees of freedom for the Han element. In (4.3), |K| denotes the area of the element. Recall from [12] 
The nonconforming finite element space V nc h is then defined as 
Given v ∈ V c h,0 , the restriction of v to K ∈ T has the following representation: 
The quadrilateral rotated nonconforming element.
In [25] Rannacher and Turek introduced two types of quadrilateral nonconforming elements referred to as NR elements. The corresponding local finite element spaces are obtained by rotating the mixed term of the bilinear element, and assuming as local degree of freedom either the average of the function over the edge or its value at the midside node. In this section we consider the nonparametric formulation for rectangular and parallelogram elements with the first choice of degree of freedom. More precisely, for each element K ∈ T and with respect to the global coordinate system (x 1 , x 2 ), we set [25] 
and introduce the four degrees of freedom as and F E (Πv| K ) = F E (v| K ), (4.11) and, hence, as with the Han element, since F E vanishes over the nonconforming bubble function x 1 x 2 ∈ Q c (K), the restriction of Π to V c h,0 ⊂ V is represented locally by (4.8) [21] . Therefore, the above arguments verify (H2).
Remark 2. For the version of the NR element with function evaluation at the midpoints as degree of freedom, (H1) is not satisfied and we refer to section 4.5 for a modification of the NR element.
Remark 3. The proof of Lemma 3.4 for the NR element can be found in [20, 22] . Remark 4. The interpolation operator Π P defined in [2, eqn. (6)] does not, in general, map into the space X P,E of the NR element functions continuous at the midside nodes [2, p. 4] . This results in a gap in the analysis of [2] for this finite element; the remaining assertions in [2] seem to be correct.
Remark 5. The present analysis shows that the augmentation of V nc h with local bubble trial functions proposed in [23] is not necessary for the error control of ∇ h e .
Remark 6. The flux ∇ h u| K · ν E is not required to be constant over each edge E with normal ν E as in [2] . The latter hypothesis would in fact restrict the analysis to only rectangular meshes.
The constrained NR element and the P 1 -quadrilateral element.
The constrained NR finite element (referred to as the CNR element) introduced in [20, 21] is obtained by enforcing a constraint on the degree of freedom of the NR element described in section 4.3. With Q nc R denoting here the space of the global trial functions defined over Ω and corresponding to the NR element, the space of the CNR element is then defined as follows: For rectangular and parallelogram element domains, considered here, the element is equivalent to the P 1 -quadrilateral element of [24] . For homogeneous Dirichlet boundary conditions, it is trivial to check that the space V nc h meets (H1) for being the CNR space, a subspace of NR. Furthermore, in [20, 21] it is also proved that on the generic element K ∈ T with vertices 1, 2, 3, 4 labeled counterclockwise, the interpolation Πv ∈ V nc h,0 defined as in (4.11) and for v ∈ V c h,0 has the representation 
associated with each of such vertices. The arguments of section 4.3 finally show (H2).
The DSSY element.
The main motivation for the definition of this element is to obtain a quadrilateral element with approximation properties similar to those of the Crouzeix-Raviart element. For parallelogram elements these properties were identified in [17] by (i) continuity at the midpoints of each edge, (ii) value of the function at these points as degrees of freedom, and (iii) validity of the orthogonality condition [17, The latter condition plays a crucial role in the proof of optimal error estimates as realized in [17] , for instance, by two spaces of local basis obtained by an ad hoc modification of the local basis of the Rannacher-Turek element. Set Then the local space reads 
with the restriction of Π to the space V c h,0 having the local representation (4.8) that implies (H2).
Hanging nodes.
This section discusses 1-irregular meshes and refers to [11] for further details and technicalities. Given an initial regular mesh T 0 of Ω in the sense of Ciarlet [12, 6] , a 1-irregular mesh T is obtained from T −1 by refining some elements K into four congruent elements by connecting the midside points of the edges of K [4] .
Let N H denote the set of hanging nodes, N E the set of the endpoints of the edges containing one hanging node, E C the set of edges with one endpoint in N H , and E H the set of edges containing one hanging node, hereafter referred to as hanging edges. We define the set N R of regular nodes as N R = N \ (N H ∪ N E ) and the set E R of regular edges as
. It is then possible to construct a partition of unity (ϕ z ) z∈N E ∪N R on Ω that forms a basis for V c h,0 and define a regularized operator J :
. Under proper constraints for the degrees of freedom for the hanging edges we have the following result that controls the nonconforming part of the error [11] : 
the estimate η and the elemental contributions η K can be used to generate the triangulations {T } ∈N in an adaptive way using the following algorithm. The triangulations T generated by Algorithm 1 are 1-irregular meshes. Error reduction and convergence of the adaptive finite element method based on the bulk criterion has been established in [10] for the Crouzeix-Raviart element. is the exact solution of (1.1). Figure 2 displays experimental convergence rates for the exact error and the estimate η N for uniform and adaptive refinement with the corresponding triangulations depicted in Figure 3 . The adaptive refinement improves the convergence rate of uniform refinement to the optimal one, O(N −1/2 ), with respect to the number of degrees of freedom, and the convergence rate of the estimate mirrors that of the exact error for both uniform and adaptive refinement.
